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Abstract 

Regularity results for minimal configurations of variational problems involving both bulk and surface 
energies and subject to a volume consttaint are established. The bulk energies are convex functions 
with p-power growth, but are otherwise not subjected to any further structure conditions. For a min¬ 
imal conhguration (u, E), Holder continuity of the function u is proved as well as partial regularity 
of the boundary of the minimal set E. Moreover, full regularity of the boundary of the minimal set 
is obtained under suitable closeness assumptions on the eigenvalues of the bulk energies. 

AMS Classifications. 49N15, 49N60, 49N99. 
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1 Introduction and statements 

In this paper we study minimal energy configurations of a mixture of two materials in a bounded, 
connected open set 0 C when the perimeter of the interface between the materials is penalized. 
Precisely, the energy is given by 

I{u,E):= [ {F{Vu) + XeG{Vu)) dx + P{E,n), (1.1) 

JQ 

where C II is a set of finite perimeter, u € p > 1, xe is the characteristic function of the 

set E and P{E, H) denotes the perimeter of E in Q. We assume that F, G: M” —> M are integrands 
satisfying, for p > 1 and positive constants i, L, a, (3 > 0 and p > 0, the following growth and uniform 
strong p-convexity hypotheses: 

(FI) 0<F(0<L(M" + |eP)^ 

(F2) ^ F(e + Vp) dx> (f(0 + + |V¥p|2)^ I dx , 

and 

(Gl) 0<G'(O</3L(M' + |eP)§, 
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for every ^ € M" and tp G (70(0). 

We are interested in the following constrained problem 

min {I{u, E) : u = uq on |£'| = d} , (P) 

where uq G and 0 < d < |fl| are prescribed. Note that the strong convexity of F and G, 

expressed by (F2) and (G2), ensures the existence of solutions of the problem (P). 

Energies with surface terms competing with a volume term appear in a plethora of phenomena in mate¬ 
rials science such as models for optimal design |4i|, phase transitions ifTSl . liquid crystals 1191 . epitaxy 
IIT 2 I (see also ifTTll l. 

Our first regularity result is the following: 

Theorem 1.1. Let F and G satisfy assumptions (F1)-(F2) and (G1)-(G2), respectively. Assume, in 
addition, that F is p-homogeneous, i.e., F{t^) = for all t > 0. If {u,E) is a minimizer of 

problem (P), then u G (O), where p' denotes the Holder’s conjugate exponent of p, i.e., p' = 
Moreover, FF-^{{dE \ d*E) n 0) = 0. 

Previous results in this direction have been obtained in |4] and ll20l . Precisely, Ambrosio and But- 
tazzo (lUl) and Lin ( Il20l l considered problems of the form 

[ {aE{x)\Vu\‘^) dx + P{E,n) (1.2) 

Jn 

with n = 0 on dCl and (Te{x) '■= axE + bxQ\E for o and b positive constants. It was proven in |4| that 
minimizers of (11.21) exist and that if (n, E) is a minimal configuration then u is locally Holder continuous 
in Q and, up to a set of measure zero, there is no difference between the theoretic measure boundary 
of E and its topological boundary. Recently, in fS ], it has been proven that there exists 7 = 7(n) such 
that, for a minimal configuration {u, E) of (11.21) if 1 < a/h < 7(n), then u is locally Holder continuous 
in n and d*E, the reduced boundary of E, is a (7^’“-hypersurface. Moreover, Lin f lllOl ) showed that if 
(w, E) is a minimizer of (11.21) among all configurations such that u and dE are prescribed on dQ, then 
u G (7‘^’^/^(n) and d*E, the reduced boundary of E, is a (7^’“-hypersurface away from a singular set E 
of measure zero. In 1211 . Lin and Kohn establish a partial regularity result for the boundary of the 
minimal set of the problem 

Z{u,E):= / (P(x, tt, Vtt) + x^(7(x, tt, Vtt)) dx + P(P, H), (1.3) 

Jn 

subject to the following constraints 


tt = on OH and |P| = d, 

requiring that F and G satisfy severe structure assumptions and have quadratic growth. A more detailed 
analysis of the minimal configurations of (P) was carried out in the two dimensional case by Larsen in 
ma. However, also in this case only partial regularity of d*E is obtained. 

All minimum problems considered in the above mentioned papers have bulk energies of Dirichlet 
type with quadratic growth, i.e., of the form | • p. Here, in Theorem 1 1.1 1 we treat constrained problems. 


we do not require any additional structure assumption on the bulk energies, and we assume p-growth (not 
necessarily p = 2) with respect to the gradient. 

We point out that the Holder exponent ^ in Theorem ll.ll is critical, in the sense that the two terms in the 
energy functional (11.11) locally have the same dimension n — 1 (under appropriate scalings). Actually, 

0,A+<5 

we will show that u G (fl), for some 5 > 0, under suitable conditions on the eigenvalues of F 

and G, that, together with a result in |[23]l (see Theorem l2.3l in Section 2), allows us to conclude that d*F 
is a hypersurface, for some 0 < 5 < 1. More precisely, we have 

Theorem 1.2. Let F and G satisfy assumptions (F1)-(F2) and (G1)-(G2), respectively. There exist 
7 = j{n,p, j^) < 1 and a = d{n,p) such that if 


- 2 -) (2±iy<, 

(X \ J \CX \ J 


(1.4) 


0,A+<5 

and if {u,E) is a minimizer of problem (P), then u G {Q) for some positive 6 depending on 

n,p,a,f3. Moreover d*E is a -hypersurface in Q, for some 6 < ^ depending on n,p,a,f3, and 
n^idE \ d*E) nn) = Ofar alls>n-8. 


Consider the prototype integrands 

F{f) := L(p2 + |^|2)f and G(0 := + |eP)i 


In this case the parameter a in assumption (G2) coincides with /3 and condition (11.41) reduces to 


/ 3 < 


7 

1-7’ 


with 7 = 7 (n,p) < 1 . 

The functional (11.21) is a particular case of (11.11) . setting 

F(e):= 6|^|2 and G (0 := (a - 6 )|eP, a>h. 


In this case, the parameters a, j3 in (G2) and (Gl) are given by 


(5 = a := 


a — b 
b 


and condition (11.41) becomes 


So, Theorem 1 1.21 gives back Theorem 2 in [ 8 ] as a particular case. 

Further, without imposing any condition on the eigenvalues of the integrands, we are still able to obtain 
the following partial regularity result: 


Theorem 1.3. Assume that (F1)-(F2) and (G1)-(G2) hold and let {u,E) be a minimizer of problem (P). 
Then there exists an open set Dq C 12 with full measure such that u G G^’^{Llo), for every positive p < 1. 
In addition, d*Er\Llo is a G^’"^ -hypersurface in LIq, for every 0 < p < ^, and'H^{{dE\d* E)r\Tlo) = 0 
for all s > n — 8. 
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In the study of regularity properties, the constraint \E\ = d introduces extra difficulties, since one can 
work only with variations which keep the volume constant. The next theorem allows us to circumvent 
this extra difficulties, ensuring that every minimizer of the constrained problem (P) is also a minimizer 
of a suitable unconstrained energy functional with a volume penalization. 

Theorem 1.4. There exists Aq > 0 such that if {u, E) is a minimizer of the functional 

Ix{v, A) := [ FiVv) + XAG'(Vt') dx + P{A, 0) + A| |^| - d\ (1.5) 

Jn 

for some A > Aq and among all configurations {v,A) such that v = uq on dTl, then \E\ = d and 
{u, E) is a minimizer of problem (P). Conversely, if{u, E) is a minimizer of the problem (P), then it is a 
minimizer of (TBI) . for all A > Aq. 

Theorem 1 1.41 is a straightforward modification of a result due to Esposito and Fusco (see ||8l The- 
oreml]). Since several modifications are needed, we present its proof in Section 1 for the reader’s 
convenience. Similar arguments have been used in Fonseca, Fusco, Feoni and Millot f lfTTIl f (see also Alt 
and Caffarelli ifTll. 

From the point of view of regularity, the extra term A| | A| — d\ is a higher order, negligible perturbation, 
in the sense that if xq ^ d*E C dQ then \E n Bg{xo) \ decays as p” as p ^ 0^ while the leading term 

dx + P{E,Bg{xo)) decays as 

The proof of Theorem 1 1.1 1 is based on a decay estimate for the gradient of the minimizer n, obtained 
by blowing-up the minimizer u in small balls. We establish that the minimizers of the rescaled problems 
converge to a Holder continuous function v, and we show that u and v are ’’close enough” (with respect 
to the norm in the Sobolev space W^’^) in order to ensure that u inherits the regularity estimates of v. 
Theorems 11.21 and 11.31 are obtained by a comparison argument between the minimizer of (P) and the 
minimizer of a suitable convex scalar functional with p-growth, for which regularity results are well 
known. Also here, we show that the two minimizers are ’’close” enough to share the same good regularity 
properties. We remark that in this comparison argument we need that n is a real valued function. In fact, 
in the vectorial setting (see EUl f minimizers of regular variational functionals may have singularities and 
only partial regularity results are known (see for example lISlITlfTSl'). 

This paper is organized as follows: In Section 2 we fix the notation and collect standard preliminary 
results. The proof of Theorem ll.4l is given in Section 3, since the result is needed in the proofs of the other 
theorems. The proofs of Theorems ll.llll.2l and ll.3l are presented in Sections 4, 5 and 6, respectively. 


2 Notations and Preliminary Results 


In this paper we follow usual convention and denote by c a general constant that may vary from expres¬ 
sion to expression, even within the same line of estimates. Relevant dependencies on parameters and 
special constants will be suitably emphasized using parentheses or subscripts. The norm we use in M” 
is the standard Euclidean norm, and it will be denoted by | • |. In particular, for vectors p G we 
write (C,p) for the inner product of ^ and p, and |^| ;= {^,0^ fhe corresponding Euclidean norm. 
When a, 6 € M” we write a (S' for the tensor product defined as fhe matrix that has the element arbg in 
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its r-th row and s-th column. Observe that (a 0 b)x 
F; M” —)• E is C^, we write 




= (6 • x)a for x € E”, and |a ® b\ 
+ trj) 


a\\b\. When 


if ?7 € E”. It is convenient to express the convexity and growth conditions of the integrands in terms 
of an auxiliary function defined for all ^ G E"^ as 




(2.1) 


where /r > 0 and p > 1. We recall the following lemmas. 

Lemma 2.1. Let 1 < p < oo and 0 < p < 1. There exists a constant c = c{n, N,p) >0 such that 


c-HT^ + \i? + \ri[ 


\ypAi)-ypAh)Y 




<c{p^ + \^Y + \vY 


P-2 


for all p G E"". 

For the proof we refer to ifTTl Lemma 8.3]. The next lemma can be found in ifTSl Lemma 2.1] and |l2j 
Lemma 2.1] for p > 2 and 1 < p < 2, respectively. 


Lemma 2.2. For 1 < p < oo and all p G E”^ one has 

I ^ Io\d^ + \C + trj)\r-^dt 

where c depends only on p. 

It is well-known that for convex integrands, the assumptions (FI) and (Gl) yield the upper bounds 

\D^F{0\ < ci(p2 + |^|2)^ < C2(p2 + (2.2) 

for all ^ G E”, where we can use ci := 2^L and C 2 := 2P/3L (see ifTTl l. 

Also, if F and G satisfy (F2) and (G2), respectively, then the following strong p-monotonicity conditions 
hold: 


(F^F(0 - D^F{ri),C- p) > cip)i\V{0 - f"(p)|' 

(F^G(0 - D^G{p),^ - p) > c{p)ae\ViO - y{h)Y (2.3) 

for all p G E"^ and some c(p) > 0. In fact, (F2) and (G2) are equivalent to the convexity of the 
functions 

e^F(0 :=F(0-V + 

and 

:=G(0-aV + l?P)F 

respectively (see for example IITtII . p. 164). Hence, the convexity of F implies 

FiO - 2 > Fid) - + {D^F{t]),^ - p) - + IpP) - d) 
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and 


F(r?) - + |7?|2)I > F(0 - + {D^F{C),v - 0 - V - 0- 

Summing previous inequalities and using Lemmas [2.2l and l2?n we obtain 

- D^F{r]),^ - 7?) > + ICP) 2”^^, C-ri) - ip{{i? + ^ - p) 

> £p{{p^ + I^P)2"^^ - (/i^ + |r/p) 2-^7/, ^-p) 

> c{p)i [ + \C + t{p - dt\C - p\‘^ 

Jo 

> c{p)£\Vi^)-V{p)\\ 

i.e, the first inequality in (I2.3I) . The second inequality in (12.31) can be derived arguing similarly. 

Further, if F and G are then (F2) and (G2) are equivalent to the following standard strong p- 
ellipticity conditions 

{D^F{C)p,p) + \C\^f-^\p\^ {D^GiOp,p)>c,{p^ + \^\^V-^\p\^ 


for all 77 € M”, where q are positive constants of form C 3 = c{p)i and C 4 = c{p)ai, respectively. 

The next lemma establishes that the uniform strong p-convexity assumptions (F2) and (G2) yield 
growth conditions from below for the functions F and G. 

Lemma 2.3. Suppose that H : M” —)> [0, + 00 ) is a function such that 

0 < H{i) < L(p2 + |^|2)f (2.4) 

for all ^ E where p > 1, 0 < p < 1, L > 0. Assume, in addition, that 


'Q 


H{^ + Vp)dx> / +V + ICl' + |Vp|2)^|V<pp 


dx 


(2.5) 


'Q 


for all ^ E M”, p E Gq{Q), Q C and for some positive constant L Then there exists a positive 
constant c{p, L, i, p) such that 


H{i)>^-{p^ + \i\^Y2 -c{p,L,£,p) for all ( 2 - 6 ) 

Proof We use again the fact that assumption ( 12 . 51 ) is equivalent to the convexity of the function 

:= + 

Hence 

K{£,)>K{£)) + {D^K{fl),f), 

or, equivalently, 

>V +leP)2+^(0)-V + (Z)5F(0),e) (2.7) 
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for all ^ € M”. By (12.41) and (12.21) . we have that 


H{0) > 0 and |f2^^(0)| < 


and by Young’s inequality 


= ((£) <c{e){q 

< c{e)2'^{^)~^L^^JP+ e^{^l^+ ( 2 . 8 ) 

Inserting (12.81) in (12.71) . we get 

H{i) > + |^|2)2 -c(e)2i^(£)“i^Zi5^^P-e£(/r2 + |^|2)| _J^p 

and, choosing e = we conclude that 






p-i 


ijp - iijp. 


□ 


As already mentioned in the Introduction, we will compare the minimizer u of the problem (P) with the 
minimizer of a suitable regular convex variational integral. In order to take advantage of the comparison 
argument, we will need the following regularity result (see ifTOl Theorem 2.2]) 

Theorem 2.1. Let H : —)• [0, +oo) be a continuous function such that 

0 < 77(0 < 

for all ^ G where p > 1, 0 < /r < 1, L > 0. Suppose, in addition, that 

[ H{^ + S/ip)dx> [ H{C)+Iip^ + \C\^ + \S/ip\^)^\Vp\^dx 

JQ JQ 

for all ^ G M”, p G Cq{Q), Q C M"" and for some positive constant i. If v ^ is a local 

minimizer of the functional 

T-L{w,Ll) := f H{Vw)dx, 

Jn 

i.e., 

T-L{v, Br{xo)) = min Br{xo)) : w ^ v + {Br{xo))^ for all Br{xo) C Ll, 

then V is locally Lipschitz in Ll, and 

ess sup (/i^ + |Vup )2 < c(n, L,£,p)-/ + |Vup)2 dx (2.9) 

Br{xo) JBr(xo) 

T 

for every Br(xo) C 7?r(xo) C 12. 
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In what follows, we will need a more explicit dependence on the eigenvalues of H of the constant in 
(12.91) . Actually, a careful inspection of the proof of Theorem 2.2 in lITOl reveals that the constant in 
estimate (12.91 ) is of the type 

2n 


c{n, L, i,p) = c 



P 


( 2 . 10 ) 


where c = c{n,p) > 1 . 

The following is a technical iteration lemma (see ifTTl Lemma 7.3]) 


Lemma 2.4. Let ip be a nonnegative, nondecreasing function and assume that there exist d G (0,1), 
.R > 0, and 0 < /3 < 7 such that 

ip{f}r) < d'^ip(r) + br^ 

for alio < r < R. Then we have 

t{p) < C * I > 


for every 0 < p < r < R, with C = C{'d, /3, 7 ). 


The next result relates the decay estimate for the gradient of a Sobolev function with its Holder regularity 
properties (see lfT4l Theorem 1.1, P- 64], ifT^ Theorem 7.19]) 

Theorem 2.2 (Morrey’s Lemma). Let u G IL^’^(H) and suppose that there exist positive constants 
K, 0 < a < 1 such that 

[ \Vu\dx <Kr^-^+^, 

J Br{x) 

for all balls B{x,r) C fl, x G fl, r > 0. Then u G C'°’“(n). 

Given a Borel set E in R”, P{E, H) denotes the perimeter of E in Q, defined as 


P{E, Q) = sup 


divfdx : f 


< 1 


It is known that, for a set of finite perimeter E, one has 

p{E,n) =n^-\d*E) 


where 


d*E= lx £n: 


lim sup 

p->'0+ 


P{E,Bp{x)) 


P 


, 71—1 


> 0 


is the reduced boundary of E (for more details we refer to fj])- 

Given a set 77 C O of finite perimeter in Q, for every ball Br{x) d 17 we measure how far E is from 
being an area minimizer in the ball by setting 


Tp{E,Br{x)) := P{E, Br{x)) - min {P{A, Br{x)) : AAE d Br{x), XA S RL(R”)} . 

The following regularity result, due to Tamanini (see |[23]l ). asserts that if the excess 'ip{E, Br{x)) decays 
fast enough when r —0, then E has essentially the same regularity properties of an area minimizing set. 



Theorem 2.3. Let ri be an open subset o/M” and let E be a set of finite perimeter satisfying, for some 


6 G (0, \), 




for every x € Q and every r € (0, tq), with c = c(x), tq = ro(x) local positive constants. Then d*E is 
a -hypersurface in Ll and TL^ {{dE \ d*E) n ri)) = Ofor all s > n — 8. 


3 Proof of Theorem 11.41 


This section is devoted to the proof of Theorem 11.41 which follows closely that of Theorem 1 in |[ 8 l. 
Since several modifications are needed, we present it here for the convenience of the reader. 


Proof of Theorem Uf^ Step 1. We prove the first part of Theorem [T4l arguing by contradiction. As¬ 
sume that there exist a sequence {A/i}hGN such that A/i —>■ oo as /i —oo, and a sequence of configurations 
{{uh, Efi)} minimizing such that Uh = rto on dLl and \Eh\ 7 ^ d for all h. Notice that 

'^\hWh-,Eh) <Z{uo,Eq) =: Q , (3.1) 

where C is a fixed sef of finife perimefer such fhaf |So| = d. Assume fhaf \Eh\ < d for a (nof 
relabeled) subsequence (if \Eh\ > d fhe proof is similar). We claim fhaf, for h sufficienlly large, fhere 
exisfs a configuralion {uh, E^) such fhaf {uh, Eh) < {uh, Eh), thus proving that \Eh\ = d for all 
h sufficiently large, say A > Aq- 

By our assumptions on E and G, it follows that the sequence {uh} is bounded in W^’^{Ll), the 
perimeters of the sets Eh are bounded, and \Eh\ d. Therefore, without loss of generality, we may 
assume, possibly extracting a subsequence (not relabeled), that there exists a configuration {u,E) such 
that Uh ^ u weakly in W^’'P{Lt), xEh Xe a.e. in fl, and is a set of finite perimeter in Q with 
\E\ = d. 

Step 2. Construction of {uh,Eh). Fix a point x G d*E n (such a point exists since E has finite 
perimeter in ff, 0 < < |n|, and Q is connected). By De Giorgi’s structure theorem for sets of finite 

perimeter (see l[5] Theorem 3.59]), the sets Er = {E — x)/r converge locally in measure to the half space 
H = {z ■ ue{x) > 0}, i.e., XEr Xh in L[q^(M”), where UEix) is the generalized inner normal to E 
at X (see lH Definition 3.54]). Let y € Bi{0) \ H be the point y := —ue{x)(2. Given e > 0 and small 
(to be chosen at the end of the proof), since XEr Xh in L^(i?i(0)) there exists r > 0 such that 

B 2 rix)cn, \ErnBi/ 2 {y)\ < e, \ErnBi{y)\>\ErnBi/ 2 iO)\>^^, 
where a;„ denotes the measure of the unit ball of R”. Therefore, setting Xr ■= x ry £ D, we have 

Brixr)cLl, \E n Br/2{Xr)\ < er"^, \E n Br{Xr)\ > ■ 

Assume, without loss of generality, that Xr = 0, and in the sequel denote the open ball centered at 
the origin and with radius r > 0 by Br- From the convergence of {Eh} to E we have that, for all h 
sufficiently large, 

(jJ 

\EhnB^/2\ <^r^, \EhnBr\> (3.2) 
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Define the bi-Lipsehitz map (f> : Br ^ Br by 


$(x) := < 


(l — cj( 2 " — l))x if |x| < 


X + a[l — 


( T \ ^11 

1 — T-;— X if - < X < r, 
V xh/ 2 “ ' ' 


(3.3) 


X 


if |x| > r , 


for some fixed 0 < a < 1/2^^, to be determined later, sued that, setting 

Eh-.= ^{Eh), Uh:=UhO<^~^, 

we have \Eh\ < d. We obtain 

= f (^F{Vuh) + XE^G{Vuh)) dx- f (^F{Vuh) + x^^G{Vuh)) dy (3.4) 

_J Br 'J Br 

+ {P{Fh,Br) - P{h,Br)) + Xh{\Eh\ - \Eh\) 

= ■ Il,h + l2,h + h,h ■ 

Step 3. Estimate of Ii h- We start by evaluating the gradient and the Jaeobian determinant of $ in the 
annulus B^ \ Bj./ 2 - If r/2 < |x| < r, then we have 


<94>i / , n XiXj 


nH-2 


for all i,j = l,...n 


and thus, if 77 G 


(V$ o r/) • 77 = (1 + 77 - | 77|2 + nar^ 


X 


X 


n+2 


from whieh it follows that 


I V<h o 77 ! > I 1 + C 7 — 


ar 


From this inequality we easily deduee an estimate on the norm of V4> preeisely, 

1 


V<h ^(<h(x)) = max 


=1 


1 / V<f> o 77 

V 4 > ^ o ' 


= max 


=1 |V<h o ?7| 


< 


V<I> O 77I 

/ ( 7 T^ \ —t _ 1 

+ C7 — r-i^T; j — X G Br \ B. 


(3.5) 


r/2 


Coneerning the Jaeobian, we write, for x G Br\ 5^/2 ^ 

4>(x) = V 2 (|x|) 


X 


(3.6) 


where 


/ (JT^ \ 

ip{t) = t[l + a -for all f G [r/ 2 ,r]. 
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Let I denote the identity map in M”. Recalling that if ^ = / + a 0 6 for some vectors a, b & then 
detA = 1 + a • 6 , a straightforward calculation gives for all x £ Br\ - 6^/2 


J<^{x) = ^'i\x\)i^^^] =il + a+^ 




X 


1 + a — 


ar 


\ n—1 


X 


(3.7) 


We have 


1+ cr - 


ar 


\ n—1 


\X\ 


n—1 

l + a] ( 1 - 

n—2 


ar 


1 + <T 


n—1 / \ 72—1 

>(l + a (l-(n 


/ \n—z/ ar \ 

(l + aj [l + a-{n-l)-—)>l + a-{ 


— (n — 



Since x € i?r- \ 77 l, by (13.71) and (13.81) we have 

J$(x) > ^l + o- + (n-l)^^ ^l + o--(n-l)^^ =(l + o-)2-(n- 

> (1 + af - 4’"(n - 1)V2 = l + 2a- (4^{n - if - l^a'^ > 1 + a 

provided that we chose 

1 

^ ^ 4^(n - 1 ) 2 - 1 ' 

On the other hand, from (13.71) we get also 


1 )' 


2^272 


► a r 


\2n 


(3.9) 


J4>(x) < 1 + 2"’n(T . (3.10) 

Let us now turn to the estimate of Ii h. Performing the change of variable y = 4>(x) in the second 
integral defining Ii^h, and observing that x^^(‘h(x)) = xe^x), we get 




' Br 


F{Vuh{x)) - F{Vuh{x) o V4'"^(4>(x))) J4>(x) 
+XEi^{x)[G{Vuh{x)) - G{Vuh{x) o V$-i(4>(x))) J$(x) 
= : M,h + A.2,h, 


dx 


(3.11) 


where Ai^h stands for the above integral evaluated in 5^/2 and A 2 ^h for tho same integral evaluated in 
Br \ Bri 2 - Recalling the definition of 4> in (13.31) and the growth assumptions on F, G in (FI) and (Gl), 
respectively, we get 

= [ [F{Vuh{x)) - F(Vuk(x) o (1 - a(2" - l))’^/) (l - a(2^ - l))*^] dx 

+ f XEhix)[G{S/uhix)) - G{S/uhix) o - a{2'^ - 1)) ^ l) (l - a{2'^ - if] dx 

7Sr/2 

> - [ F{Vuh{x)o{l-a{2^-l))~^l){l-a{2'^-lfdx 

J Br/2 
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/ xe,{x)G{VuUx) o (1 - <7(r - - (r(2” - 1))' 

J B^/2 


dx 


> -c{p,(3,L) I (1+ XE;,(x))|Vu/i(x) o (1 - o-(2" - 1)) ^lf{l-a{2^-l))"'dx 


'B, 


/2 


-c(p,/3,LK(l-a(2--l))V 

> -c{p,/3,L) f {1 + XEdx))\Vuhix)f{l - a{2^ - dx 

B^/2 

-c(j>,/3,LK(l-a(2--l))V 

’(l-a(2"-l))"-^ / |Vn;,(x)|'’dx-CM^(l-a(2"-l))’ 

J Br/o 


= -C i - 


> -C'(n,p,/3,L,cr,/i)(0+ r") 

where we used (I3.1I) . Recalling (13.51) . (13.101) and (13.11) we have 

[ [F{Vuh{x)) - F(Vuh{x) o V$-i(«>(x))) J$(x)] dx 


^2,h — 


+ 


[ XEh{x)[G{Vuh{x)) - G(vuh{x) ^(^>(x))) J$(x)] dx 

JBr\B,/2 ^ ^ 

{p,P,L)[ {1 + XEh{x))\'^Uh{x)\P{l - (2"- - l)cr)"^(l + 2^na) dx 

J Br\Br/2 


> —c 


3 r\Br /2 

-c(p,/3,L)^^(l + 2'^na)r 


> -C{n,p,l3,L,a) / 

J Br\Bj. 12 

> -C'(n,p,/3,L,cr,^)(0+ r’^). 
Thus, from the above estimates we conclude that 


|Vu/j(x)|^ dx — c{p, /3, L)p^[l + 2'^na)F‘ 


h,h > -G{n,p, /3, L, a, p){& + r"-). 


(3.12) 


Step 4. Estimate of l 2 ,h- We use the area formula for maps between rectifiable sets. To this aim, for 
X G d*Eh denote by T/j the tangential differential at x of $ along the approximate 

tangent space tt/i 3 , to d*Eh, which is defined by T/j ,,.(r) = V<h(x) o r for all r G tt/j 3 ,. We recall (see 
||5] Definifion 2.68]) fhaf fhe {n — 1)-dimensional Jacobian of Th^x is given by 


Jn-iTh,x — ^det(r^^^ o Th x) ) 

where is fhe adjoin! of fhe map Th^x- To esfimafe J^-iTh^x, fix x G d*Eh H {Br \ B^if)- Denofe 
by {ti, ..., Tn-i} an orfhonormal base for tt/j 3 ., and by L fhe n x (n — 1) mafrix represenfing T/j 3 . wifh 
respecf fo fhe fixed base in Eh,x and fhe sfandard base {ei,..., e„} in M". From (13.61) we have 


Thus, for J, ( = 1,..., n — 1, we obfain 


Xi X ■ Tj 

\x\ \x\ 


f = l,...,n, j = 1 , 




■ Tj){ei ■ Ti) F (vp'2(|x|)- 


2=1 
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Since Jn-iTh^x is invariant by rotation, in order to evaluate det(L* o L) we may assume, without loss of 
generality, that Tj = e^, for all y = 1,..., n — 1. We deduce that 


L*oL = 


+ UHix\) - ^ . 

3/ V X / \X\ 


where denotes the identity map on ^ and x' = (xi,..., With a calculation similar to 

the one performed to obtain (13.71) . from the equality above we easily get that 




n—1 r 


1 + 




^'\\x\) - 


(^^(|x|) \ \x‘ 


xr ^ \x 


/| 2 n 


and so, using (13.61) we can estimate for x € d*Eh n {B^ \ B.^ 


r/2) 


= VdetiL- o L) = (^)” + 


(/92(|x|)\ |x'P 


x r '' X 


(3.13) 


< 


< 1 + + 2”(n - l)a . 


To estimate / 2 ,h> we use the area formula for maps between rectifiable sets (iH Theorem 2.91]), and we 
get 


h,h — 


P{Eh, Br) - P{Eh,Br) = [ _ dU^-^ - [ 

Jd*EhnBr Jd 


_ Jn-lTh,x dP 

ld*EhnBr 


n—1 


[ _ (1 - Jn-lTh,x) dU^-^ + / (1 - Jn-lTh,x) dTT-^ 

Jd*EhnBr\B^/2 Jd*EhnB^/o 


d*Ehr\B^/2 


Notice that the last integral in the above formula is nonnegative since <h is a contraction in 77^/2 > hence 
Jn-iTh^x < 1 in 77r•/2^ while from (13.131) and (13.11) we have 


(1 - Jn-iTh,x) dU^-^ > -2^nP{Eh,Br)a > -2'^nQa, 


J d* 12 

thus concluding that 

72 ,h > -c(n)0fT. 

Step 5. Estimate of I^^h- We recall (13.21) . (13.31) . (13.71) to obtain 


(3.14) 


73 ,/i = A/i /" (JT>(x) -1) dx + \h f (JT>(x) - 1) dx 

JEhr\Br\Br/2 JEhClBr/o 


' Ef^r\Br\B^/2 


h' '^rjl 


> - e^ar^ - Afe[l - (l - (2" - l)a)”]er" 


> Xhcrr^ Ci{n)^^ - Ci{n)e - {2^^ - l)ne 


Therefore, if we choose 0 < e < e{n), with e{n) depending only on the dimension, we have that 

h,h > XhC2{n)ar^ (3.15) 
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for some positive C 2 (n). 

Step 6. Conclusion of Step 1. Estimate (13.151) . together with (13.41) . (13.121) and (13.141) . yields 


'^\u{'^h,Eh) -Eh) > A/i(T(73r”-C(n,p,cr,|u)(0 + r”) > 0 


if A/i is sufficiently large. This contradicts the minimality of (u/^, Eh), thus concluding the proof of the 
first part of Theorem 1 1.41 

Step 7. Conversely, if (n, E) is a minimizer of Z and Aq is as determined on Step 1, then for A > Aq 
S teps 1-5 ensure the existence of a minimizer {ux, Ex) of Zx with = d. Hence, by the minimality, 

Z{u, E) < Z{ux, Ex) = Zx{ux, Ex) < Zx{u, E) = Z{u, E) 


i.e.. 


and so {u,E) also minimizes Zx- 


Z{u,E) = Zx{ux,Ex) 


□ 


4 Proof of Theorem 11.11 


This section is devoted to the proof of our first regularity result, stated in Theorem 11.11 The proof is 
obtained by establishing that the bulk energy and the perimeter of the free interface both decay on halls 
of radius p as for p —)• O'*”. We divide it in two steps: In the first we prove the decay estimate for 
the perimeter, and in the second we address the decay of the bulk energies. 


Proof of Theorem [77/1 Let {u, E) be a solution of the problem (P). 

Step 1. First decay estimate. Fix xq G and let R < dist(xo, dCL). Assume, without loss of generality 
that 0 < i? < 1. Here we want to prove that there exists a constant cq = co{n,p, Aq, a, (3, i, L) such that 


L 


Br(xo)nE 


I VmP dx + P{E, Br{xo)) < Cor 


n—1 


(4.1) 


for every 0 < r < R. 

First, consider xq € dE D and set E := E\ Br{xo) where 0 < r < R. For Aq determined in Theorem 
[Fdl we have 

Zxo{u,E) < Zxq{u,E), 

i.e., 

dx + P{E, CL) 

dx + P{E, Cl) + Ao| |£^| — d\. 

Therefore, 

/ {Xe - X^)G{Vu) dx + P{E, Br{xo)) < P{Br{xo)) + Aol \E\-d\, 

Jn 


< 


^(F(Vu) + x,G(Vn)) 
^(f(Vu) + x^G'(Vu)) 
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and so 


„n—1 


n—1 


f d'X + P{E, Br{xo)) < c{n)r"' ^ + c(n)Aor"'< c(n, Ao)r 

J B-r ) 

since r < 1. Lemma 1231 implies that 
£ r 

/ Xe\^'^Y' dx - c{p,ii,,a,^4,L)\Br{xQ)r\E\ + P{E,Br{xo)) <c{n,\Q)r 

^ J Br{xo) 

or, equivalently, 

/ XeI'^uIP dx + P{E,Brixo)) < c{n,Xo)r"-~^+ c{p,fi,a,l3,i,L)\Br{xo)nE\ 

^ JBr{xo) 

< c{n,p,fi,a,/3,£,L,Xo)r'^~^. 

Therefore 


jail} 

[ XEN^^\^dx + P{E,Br{xo)) 

1 2 J 

J Br (^XQ ) 


< c{n,p,p,a,^,i,L,Xo)r 


n—1 


This inequality yields that 


/ \Vu\Pdx + P{E,Br{xo)) <cor^~\ (4.2) 

J Br{xo)r\B 

where we set cq := c{n,p, Aq, a, /3,£, L). 

If xo ^ BE n 12, or Br{xQ) H S is not empty and we argue exactly as before, or Br{xo) C 0,\ E and 
estimate (14.11) is trivially satisfied. 

Step 2. Second decay estimate. Here we want to prove that there exist r G (O, and <5 € (0,1) such 
that for every M > 0 there exists /iq G N such that VH(xo, r) C H we have 



dx < /lor"' ^ 


or 


f \Vu\P dx < f \Vu\P dx . 

J BT-r{_XQ'j J BrixQ^ 


(4.3) 


In order to prove (14.31) . we argue by contradiction. Fix r G (0,1/2) , 5 G (0,1) and choose M > ". 

Suppose that for every /i G N, there exists a ball B^.^ (x/j) C 12 such that 


L 


t^rh i^h) 


|Vn|^ dx > hr 


n—1 


(4.4) 


and 


(Xfi) 

Note that estimates (14.21) and (14.41) yield 


f \Vu\P dx > Mt^-^ f |V 

Brr^ J B-r^ i^h) 


-P dx . 


(4-5) 




I dx + P{E, Br, (Xh)) < co<-^ < ^ / I dx 

i^h) 
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and so 

/ 

Substep 2.a. Blow-up. Set 


\Vu\Pdx < 


Co 


^ JBrf^ixh) 


\Vu\^dx. 


- 


i 


Br. (Xh) 


\S/u\Pdx 


and, for y € -Bi(O), introduce the sequence of rescaled functions defined as 

u{xh + Thy) - ah 


Vhiv) ■= 


^hrh 


f 

where ah'■=-I- u{x)dx. 

Br^ iXh) 


We have 


^Vh{y) = —Vu{xh + Thy) 


and a change of variable yields 

i \VvhiyWdy = ^I \Vuix)\P dx = 1. 

J Bl ‘^h-J Brf^(Xh) 

Therefore, there exist a subsequence of Vh (not relabeled) and v € W^’P{Bi) such that 

Vh ^ V weakly in , and Vh ^ v strongly in L^{Bi). 

Moreover, the lower semicontinuity of the norm implies 


-f \Vv{y)\P dy <liminf J \Vvh{yWdy = l. 
JBi JBi 


Substep 2.b. We claim that Vh ^ v in {Bi). Consider the sets 


K--= 


E -Xh 
rh 


nBi. 


(4.6) 


(4.7) 


(4.8) 


By (14.61) . and up to the extraction of a subsequence (not relabeled), Xe* Xe* weakly in 

h 

BV(Bi)) for some set of finite perimeter E* C Bi. 

Using the minimality of (n, E) with respect to (n + p, E), for p G WQ’^{Brf^{xh)) we obtain 


/ (e{S/u{x))-\-XeG{'Vu{x))] dx< (F(Vu{x)+S/p{x))+XEE!(X/u{x)+S/ip{x))) dx, 

JBr.ixhT ^ dBrAxhT ^ 


or, equivalently, using the change of variable x = Xh-\- Xhy, we get 


< 


/ 

JBi 

{F{c,hXJvh{y) + VV’(2/)) + XE*G{<;h'^Vhiy) + v^/^(y))^ dx (4.9) 
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for every if; G Let r] G C^{Bi), 0 < rj < 1. Choosing iphiu) = ~ '^h) as test function 

in (1^ . we get 


< 

+ 

< 

+ 

+ 

< 


L 


(^F{c;hVvh{y)) +X£*G(?hVn/i(?/))^ dy 

+ ?/j(l - y)Vvh{y) + Vr/?/j(n - dy 

(G(?ftr/Vr;(y) + ?h(l - y)Vvh{y) + dy 

j {F[^hy^v{y) + (ih{'^-yWvh{y)))dy+ f XE*(G{‘ihV'^v{y) + ^h{'i--v)^Vh{y))']dy 

J B^ J ^ 


D^F{qhy'^v{y) + ?ft(l - r])Vvh{y) + Vr/<^ft(ti - Vh)) ,Vr]<^h(v - Vh)j dy 

J XE*^{piG{c;j^yVv{y) + Sh(l -y)Vvh{y) + SIyc,h{v - Vh)) ,'^V‘ihiv - Vh)^ dy 

- r/)Vnft(y))^ ^ Jb “ v)'^Vh{y))'^ dy 

+ c[ + \<ih'^Vh\‘^+ \<;h'^v\‘^+ \qhiv-vh)\'^)~\<^h{v-vh)\ 

Jbi 


dy 


(4.10) 


where, in the last inequality, we used (12.21) . Hence, using Holder’s inequality and the convexity of F and 
G in estimate (14.101) . we obtain 


IBi 


+ x. 


dy 


< 


+ 


+ c 


((1 - y)F{qh'X/vh{y)) dy + r/F(<^/,Vn(?/))^ dy 
Xe* ((1 - d)G{(^h'^Vh{y)) + ??(7(?hVn(y))) dy 

[ \(;h{v-Vh)\^ 

Jb, 


- Vh)\'‘'dx + [ / iF + \Vvh\'‘'+ \Vv\P dx 


P-1 

P 


I 

JBi 


b “ dx 


since we may suppose that > 1 for h large. In fact, by (14.41) and the definition of we have 

F > — 
rh 

and so <;fi —> +oo as h ^ +oo. By virtue of (14.71) . from estimate (14.1 II) we infer that 


< 


/ 

JBi 

(yF{qh^v{y))^ dy + Xe* (^G'(?hVr;(?/))) dy 


+ c^h [ \v-Vh\^ + c<;l 

JBi 


j 

JBi 


b dx 


(4.11) 

1 

P 


(4.12) 


(4.13) 
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Note that, by changing variable in (14.61) . we have 


and thus, by the definition of Vh, 


[ \Vu{xh + rhy)\^dy [ \Vu{xh + VhyW dy , 

JBinE* " JBi 


I'^VhivW dy < ^ I \Vvh{yWdy 


iBinE* 


h 


iBi 


and, by the use of (14.71) . we get 


'BinEl 


|Vuh(y)|^ dy < 




(4.14) 


Since ^ Xe* weakly in BV[Bi), by Patou’s Lemma and (14.141) we obtain 

h 

f \Vv{y)\P dy <limini [ \S/vhiy)\^ dy = 0. 
JBinE* ^ JBinEi 


(4.15) 


Using assumption (Gl) and the homogeneity of F in (14.131) . we get 

/ V‘ilF{Vvhiy))dy < [ yc;lF{Vv{y))dy + c [ XE*{\‘^h'^'>jiy)\^ + dy 

JBi JBi JBi ^ 

■L 


+ \v - Vhf dy + |u - Vh\^ dy ) , 


i.e.. 


iBi 


yF(Vvh{y))dy < [ yF{Vv{y)) dy + [ X^* (|Vu(?/)|p + |Vufe(y)|^’) dy 

JBi JBi '* 

[ \v-Vh\^dy + c( [ \v-Vh\^dy'] . (4.16) 

7si V7si 


+ c 


Passing to the limit as h ^ +oo in (14.161) . by virtue of (14.151) . the strong convergence of Vh to v in 
and the lower semicontinuity of F, we obtain 

/ yF(Vu(y)) dy < liminf / yF{S/vh{y)) dy < / r]F{Vv{y)) dy, 

JBi h JBi JBi 


that is. 


lim / r]F{Vvhiy))dy = / r]F{Vv{y)) dy . 
h Jb, Jb, 


(4.17) 


iBi JBi 

By the strong p-convexity of F and Lemma ITTl we have 


< c 


y|U(Vu;,(y)) - U(Vu(y))|2 dy (4.18) 

(P> Ibi d(^(Vwh(y)) - F(Vv(y))^ - (D^F(Vvh(y)),y(Vvh(y) - Vv(y))} dy. 
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By the minimality of {u, E), we get 


L 


Br. {Xh) 


D^F{Vu{y)) + X£^?G(Vu(y)), V(p)dx = 0 


for every ip G WQ’^{Brf^{xh)) or, equivalently, 


iBi 


D^F{c,hVVh{y)) +XE*F>^G{qh^Vh{y)),y'ip) dx = 0 


for every if: G hFQ^’^(-Bi), or still 

D^F{c^h'^Vh{y)),VTpj dy = - VV') dx . 


JBi ' ' JBi 

Then, choosing ij: := r]{vh — v) with y G C^{Bi) as test function in (14.191) . we obtain 


'Bi 


D^F{(;hVvh{y)),'n{Vvh - Vv) ) dy 


{p^F{shSIvh{y)),^y{vh-v)^dy 


/ XE*\F>iG{‘^hyvh{y)),y{Vvh-yv)) dy 
XE*^{F>iG{c,h^Vh{y)),Vy{vh-v)^dy. 


Using estimates (12.21) for D^F and D^G, (14.201) yields 




- Vf)) dy 


< c{p,/3,L) / |?/jVu/j(y)P ^\Vy\\vh-v\dy 

JBi 

+ c{p,/3,L) f |ShVuh(y)|P“^|r?||Vr;/j - Vr;|dy. 

JBinE* 

By the homogeneity of F, Holder’s inequality, (14.71) and (14.141) . (14.211) implies that 


/Bi 


D^F{Vvh{y)),ri(yvh - Vv)) dy 


p—1 

< c(p,/3,L, ||V?7||oo) \Vvh{yWdy'^ \vh-v\Pdy'' 

p—1 

+ c(p,/3,L, ||7?||oo) ( / \^Vh{y)\^ dy\ 

\7BinE* y \JBi 

< c{n,p,/3,L,\\Vp\\oo) \vh-v\Pdy'^ + c(p,/?,L, ||7?||oo) 


\\/vh\P + \Vv\P dy 


(4.19) 


(4.20) 


(4.21) 


(4.22) 
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Since converge strongly to v in U‘{Bi), passing to the limit as /i ^ oo in (14.221) . we get 


lim 

/l—>-+oo 


fBi 


{D^F{Vvh{y)),'n{S/vh - Vv)) dy 


= 0 . 


(4.23) 


Passing to the limit in (14.181) and using (14.171) and (14.231) . we obtain 

lim [ rj\V{Vvh{y))-V{Vv{y))\^dy = 0, 
h^+ooJs^ 

which, by Lemma ITTl implies that 

lim [ + \Vvhiy)\‘^+ \Vv{y)\‘^)^\Vvh{y)-Vv{y)\‘^ dy = 0. 

h^+ooJBi 

In the case p >2, one can easily check that (14.241) implies 

Vh^v strongly in {Bi). 


(4.24) 


In the case 1 < p < 2, it suffices to observe that Holder’s inequality with exponents | and 2 ^ yields 


/Bi 


rj\Vvh — Vr;|^ dx 


< 




rtil? + \Vvh? + \Vv\^) — \Vvh - Vv\^dx 




r]{p‘^ + |Vr;fe|^ + |Vr;|^)2 dx 


2-p 

2 


< c{ I ri{ijr + \Vvhf + \Vv\^) 2 \Vvh — '^vfdx 


(4.25) 


where we used (14.71) . Hence, also in this case, by (14.241) we conclude that 

Vh^v strongly in ILj^f (Hi), 

and this asserts the claim. 

Substep 2.C. Reaching a contradiction. Notice that (14.51) can be written as 

I \Vu\Pdx > Mt-^I \\/u\Pdx, 

Brr^ i^h) 


or, equivalently, 


4 / |Vw|Pdx>Mr-^ 

iS^h) 


(4.26) 


by the definition of By the change of variable x = Xh + rhy and the definition of Vh, from (14.261) we 
infer that 

1 


% 


i.e.. 


-/ > Mr \ 

JBr 

S \Vvh\^ dx> 

JBr 


(4.27) 
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By virtue of the strong convergence of Vh to v in {Bi) and (14.81) . we have that 


hmi \Vvh\P=-f |Vnr<4- (4-28) 

^ JBr JBr 


Clearly, (14.281) contradicts (14.271) because M > 

Step 3. Conclusion. We conclude that if (u, E) is a solution of (P), then there exist r G (O, and 
6 € (0,1) such that, setting M = 1, there exists /iq G N with the property that whenever Br{x) C fl, 
then 


' Br{xo) 


\Vu\^ dx < hor 


n—1 


or 


f \Vu\Pdx<T^-^ f \Vu\Pdx. 

J Brri^o) Br{xQ) 


Hence, 


B-rr ) 


\Vu\^dx<T'^-^ j \Vu\^dx + 
J Br (^0 ) 


hor 


n—1 


and using Lemma |2^ with (p{p) := | dx, j = n — S and /3 = n — 1, we obtain that 



ttP dx < c 



|Vtt|^ dx + hop 



for every 0 < p < r < R, and so 


' Bp{xo) 


\Vu\Pdx < Cp^-K 


By Holder’s inequality 

f \\/u\dx<ci f pp' <Cp~ ^p' =Cp^~p. 

J Bp{xo) \J Bp{xo) J 

Theorem I2.2l vields that, at least, u is locally Holder continuous with exponent The regularity of the 
boundary at this point can be obtained arguing as in H Theorem 2.2], with the obvious modifications. 

□ 


5 Proof of Theorem 11.21 - Full regularity 


This section is devoted to the proof of the full regularity result stated in Theorem 1 1.2 1 The key point is to 
prove that if the ratio where a and (3 are the parameters appearing in hypotheses (Gl) and (G2), is 
sufficiently small then Jg |Vu|^ decays as . 

Proof of Theorem [L2\ Step 1. Let {u, E) be a minimal configuration of problem (P). We first show that 
u G C'lo’y^ for some positive 5, with p' = Fix x £ Q and a ball Br{x) CC fl. Assume, 

without loss of generality, that x = 0 and r < 1. In what follows, we will omit the dependence on the 
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center simply denoting by the ball 5^(0). By Theorem 1 1.41 we have that {u, E) is a minimizer of 
problem (11.51) for A sufficiently large. Let v be the minimizer of 

weW^'P{Br)^ [ iF + G)iVw)dx, 


' Br 


satisfying the boundary condition v = uon dB^. Then 

/ i^D^F{Vu) + -Vifdx = 0 


(5.1) 


and 

[ D^{F+ G){Vv)-V^dx = 0 (5.2) 

J Br 

for all ip € WQ’^{Br). Note that assumptions (F1)-(F2) and (G1)-(G2) imply that the integrand F + G 
satisfies 

(HI) 0<(F + G)(O<£(f' + |^|')^ 

(H2) J^{F + G){^ + Vif) dx> [{F + G)(0 + V + ICP + iVypp)^ |V(^|2) dx, 

and (see (12.31) ') 

(H3) {D^{F + G)(0 - D^{F + G){rj),^ - rj) > c{p)I\V{0 - H(r?)P, 

with growth and coercivity constants L, I such that 

L < (/? + 1)L and l> {a + 1)1. 

By virtue of (HI) and (H2), we can apply Theorem 12. II and (12.101) to H = F + G,to obtain that for all 

0 < p < § 


+ |Vr;|^)2 dx < \Bg\ sup(/i^ + |Vr;p )2 < Cnp” sup(/r^ + |Vup )2 


'Bo 


Bo 


B r 


< c 




(5.3) 


for some constants c = c{n,p) > 1 and a = On the other hand if § < p < r, one easily gets that 

J (/x2 + |Vr;p) 2 dx< 2 ”^y + \Vv\^)2 dx . 

Therefore estimate (15.31) holds for every 0 < p < r. Subtracting (15.21) from (15.11) . we obtain 


[ (d^{F + G){Vu)-D^{F + G){Vv)) -Vpdx- [ D^G{Vu)-Vpdx = 0, 

iBr^ ' JBr\E 
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or, equivalently, 

j (^D^{F + G){Vu)-D^{F + G){Vv)yV^dx 

Next, we treat separately the cases p > 2 and 1 < p < 2. 


lBr\E 


D^G{Vu) -Vpdx. (5.4) 


Case p >2. Set ip := u — v in (15■4I) . In (15.41) we use (H3) and Lemma l24l in the left hand side, the 
second condition in (12.21) and Holder’s inequality in the right hand side, thus obtaining 

Cp,rJ [ (/i^ + |Vu|2 + |Vu|2)^|Vu-Vu|2dx<Cp/3L / + \Vu\‘^)^\Vu - Vv\dx 

J Br 'J Br 

< CpPl( [ {p^ + \Vu\‘^)2dx] ( [ (/i2 + |Vrt|2)^|Vu-Vupdx) 

\JBr J yJBr ) 

< CpPLl [ ( / (/i2 + |Vn|2 + |Vu|2)^|Vu- 


' Br 


' Br 


where, in the last inequality, we used that p > 2. Hence 

/ + |Vup + |Vup)^|Vu — Vup dx < Cp^ri ( 

JBr ’ \ 

By virtue of (15.51) . one has that for 0<p<r 


I 


' Br 


+ \Vu\^)2dx. 


iB, 


\Vu-\/v\Pdx < Cp [ (p2 + |Vup + |Vup)^|Vu-Vup 


dx 




< Cp^nl^] I {p^ + \Vu\^)2 dx 


' Br 


therefore, from (15.31) and (15.61) . we get 

\ i/p 


([ iVulPdx] ^<(1 \Vu-S/v\Pdx 
\Jb„ / \Jb„ 


1/p 


+ 


^ Cn,p 


+ C; 


^\P 

I 

l\ 


\ ^^p 

{p^ + |Vu|^)2 dx ) 

'Br ) 


'B, 


\ 1/p 

|Vu|^ dx j 


n,p 


By Lemma [231 applied for = F F G and by the minimality of v, we have 

2 


[ (/i^ + |Vn|2) 

J Br 


2 dx < - I {F + G){Vv) dx + c{n,p, L,£, p)r'^ 

J Br 

f {F + G){Vu) dx + c{n,p, L,i, p)r'^ 

J Br 

L f ~ ~ 

“ / + |Vttp)2 dx + c(n,p,L,£,p)T 

’ JBr 


< 


< 


(5.5) 


(5.6) 


^)"^'’(^(M" + |Vu|2)§dx) (5.7) 


(5.8) 
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where in last line we used the growth assumption (HI). Combining (15.71) and (15.81) . we obtain, for all 
0 < p < r, that 


\Vu\Pdx\ < 



+ \Vuf)2 dx ] +c{n,p,L,i,fi)Qp 


= c< 


■n,p 


I 


+ 


2+1 

L \ P ^ V 

\ /^Q\p 


Br 


(^2 + |V'u| 2)2 dx 


+ c{n,p,L,i,p)QP , 

and therefore the following estimate holds 


'B. 


\Vu\^ dx < Cn,p 

+ c{n,p,L,i,p)Q 


BL\v L 
^ + ' 

£ 


<7 + 1 1 P 

Q \ p 
r 


f + |Vn|^) 2 dx 

J Br 


(5.9) 


for every 0 < p < r. 


Case I < p < 2. As before, we choose p = u — v in (15.41) . In (15.41) we use (H3) and Lemma ITT] in 
the left hand side, the second condition in (12.21) and Holder’s inequality in the right hand side to obtain 

Cn,p£ [ ip^ + \Vu\‘^ + \Vv\‘^)^\\/u-Vv\‘^dx<CpPL [ + \Vu\‘^)^\Vu - Vv\dx 

J Br ■J Br 

f3L [ + \Vu\‘^+ \Vv\‘^)^\Vu-Vv\dx 

J Br 

{p^ + |Vu|2 + \Vv\^)^\SIu - Vv\^ dx 




< Cp/3L( I {p^ + \Vu\^ + \Vv \^)2 dx 



and so 


' Br 


{p^ + |Vnp + iVr;^) — |Vn - Vr;^ dx < Cn,p 



{p^+ \Vu\^+ \Vv \^)2 dx. (5.10) 


Br 


On the other hand, for 1 < p < 2, Holder’s inequality with exponents ^ and yields 


'Bo 


\Vu-Vv\Pdx 


< 


^ Cn,p 


{p^ + |Vn|2 + |Vr;|2)~ I Vn - V7;|2 dx 



2-p 

2 


{p^+ \Vu\'^+ \Vvf)2 dx 


Bo 


PL 



Br 



2-P 

2 


{p^ + \Vu\^ + \Vv\^)^ dx ] / {p^+ \Vu\^+ \Vv\^)2 dx 


Bo 
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■n,p 


PL 



Br 


{fi^ + |Vuf + \Vvf)2 dx, 


(5.11) 


where we used (15.101) . From (15.31) and (15.111) . we get 

\^/p / r \ i/p 


\ i/p 


< (^y + |Vrt|^ + |Vn|^)2 


+ c 


n,p 


.Hr 


+ |Vnp) 2 dx 


i/p 


< Cn,p (^y + |Vup)2 dx^ 


+ C 


n,p 


+ ( £ ] /^\Vp 

I ) \£ I ^r) 


i/p 


\ i/p 

(/r2 +|Vx|£ 2 dx .(5.12) 

Br / 


By virtue of (15.81) . that holds for all p > 1, from estimate (15.121) we obtain 

\ i/p 


(^J |Vw|Pdx^ 


^ Cn,p 


“h Cfi^p 

+ c{n,p,L,i,^)rp 



+ |Vrtf) 2 dx j 


\ i/p 


^ Cn,p 


^ 1. ^ g-+l 

/lV [ £\ 

I J \ I j \I j 


Q\^/P 


+ |Vrif )2 dx I 

Br / 


\ 1/p 


+ c{n,p,L,i, p)rp 


(5.13) 


Therefore 


'Bo 


I Ly (^ 

IJ \ I) xl] 


IVul^dx < Cn,p 

+ c{n,p,L,e,p)r"-. 

Hence, both estimates (15.91 ) and (15.141) can be written as 


g\pi-/p 


[ + |Vn|^) 2 dx 

J Br 


(5.14) 


'Bo 


|Vu|^dx < Cl 


•n,p 


£+1 


n P 


p^n/p 

r 


’ Br 


\Vu\^ dx + c{n,p, L,i, p)r^ , (5.15) 
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where 


/9 L \ ( L ] P 

I ) \t) 


if p > 2, 


if 1 < p < 2. 


We find the largest < 1 for whieh there exists d <1 sueh that 


(5.16) 


^n/p _ ^n-l ^ 


This equality is equivalent to 


a(n-l)/p f t\ ^ 

C = -^-U =: /w, 


where, for simplieity, we set c = Cn,p, c > 1. Note that sueh f?, ^ G [0,1) exist. Indeed 


— (v) = -i/J’ — 1 —V p —n \ — 

p \ .F \l . 


and so 


df 1/n — 

-^{d) = 0 id = - i - - 

dd c \ n \ f 


-(( 7 + 1 ) 


^0 := 


1 fn-lY L 


-(cr+l) 


and Co := f{df)) ■ 


Sinee £ < L and c > 1 it follows that r)o G (0,1) and 


Moreover, 


f{do)= max /(i?). 
i9e[o,i] 




We write 


(n- 1 f L 


^(1—) 


26 



(n — 1 _ 

with Cn,p '■= - — - 2 and a := — 1). Note that Co € (0,1). In case in which p > 2, we 


n" 


need 


CP 




(5.17) 


Recalling that £ > {a + 1)£ and L < {/3 + 1)L, in order to have (15.171) it suffices to impose that 

/3 \p f/3 + 1' 


a + lj \a + lj 


P 


(5.18) 


In fact 


{f5L)p({(3 + 1)L) < Cn,p({a + l)e) 


^o■+T 


{^L)pL^ < Cn,p{lY^P 


and inequality (15.181) is clearly fulfilled if the ratio is sufficiently small. 


Similarly, in case in which 1 < p < 2, we need 

YL\ (l' 


<Co- 


(5.19) 


In order to have (15.191) . it suffices fo impose 

f3 f 13 1 

a 

In facf 


Q; -f 1 \ rr -f 1 


s+i 

p 


Cn,p ( 




(5.20) 


/ 3(/3 + < CnAY + l)£f+^+p 

/ ^ s i 

YL\ ( L 




< c 


'n,p 


£ J \ £) \ L 

Then, choosing a, /? such fhaf (15.171) (if p > 2) or (15.191) (if 1 < p < 
(here exisf ■d G (0, r)o) and J > 0, depending on a, (3, n,p, £, L, such fhaf 


(/3L)L"+i < Cn,pYf^^^P 


= Co 


and inequalify (15.201) is clearly fulfilled if fhe rafio is sufficienfly small. 

T-i— „i-;- a —u AS nh nc „ \ r,\ as ink nt t ^ ^ 2 ) are Satisfied, in view of (15.151) 


I 


\S/u\^ dx <-d"^ f |Vn|^dx + c(n,p, p,L,£)r"'. 

J Br 


Since r < 1, fhe ferm r” can be majorized by r” for every 0 < 5 < min{(5, |}, and from fhe 

previous esfimafe, we deduce fhaf 


f \Vu\Pdx<^^-^+P~^ f \Vu\Pdx + c{n,p,n,L,£)r 

J BfQj’ J Bf 


,n—l-\-p6 
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This estimate, by virtue of Lemma 12.41 yields that for all 0 < ^) < r < 1 


J \S/u\^ dx < c{n) J \Vu\^dx + cp'^ 


(5.21) 


So, for 0 < £» -C 1 


\Vu\Pdx < cp'^-^+P^ 


'Bo 


and by Holder’s inequality 


If \ ^ " n-l+pS+n{p-l) n —14-A4- 1 

\Vu\dx<c \ / \Vu\P dx\ q 7 < eg p = cp 


'Bo 


'Bo 


0 , 4 +< 5 , 


By Theorem I2.21 the previous inequality implies that u E (H) whenever (15.181) (if p > 2) or 

(15.201) (if 1 < p < 2) hold true. 

Step 2. Fix a point x E 12 and let f > 0 be such that dist(x, dQ) > f. Consider 0 < r < tq < f and 
denote by A any set of finite perimeter such that EAA CC Br{x). From Theorem 1 1.41 we have that 

Ixoiu,E) < Ixoiu,A) , 

and thus 

^ (F(Vn) + XBG(Vrr)) dx + P{E, 12) + Ao| |i?| - d\ 

< j (F(Vn) + x^G'(Vn)) dx + P(Al, ^2) + Ao| |2l| - d|. 

Using that EAA CC Br(x), we deduce that 

P(E,Br(x))-F(A,Br(x)) < (x^(x)-x^(x))G(Vn)dx + Ao||Al|-|i?|| 

< PL [ \Vu\P + cr^, 

J Br 


where we invoked assumption (G2). By the decay estimate (15.211) . we infer that 

P{E,Br{x)) - P{A,Br{x)) < + cr" < cr^-^+P^ 

since r < 1. As d can be replaced by any smaller number, we can choose p6 < ^ and the result follows 
from Theorem 12.31 □ 
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6 Partial regularity-Proof of Theorem 11.31 


In this section, we prove that a partial regularity result holds without imposing any bounds on a and /3, 
as stated in Theorem [T3] 


Proof of Theorem \1.3\ Set 


:= < X € ^ : limsup 




[ |Vn| 

Jb„ 


^ = 0 , 


for an arbitrary 0 < <5 < |. Note that (see Theorem 3, Section 2.4.3, in |f9|), |n \ QqI = 0 . Fix a point 
X € flo and let tq be such that dist(x, 511) > tq. Since x € Hq. for every e > 0 there exists a radius 
R = R{£) < rQ such that 

1 


-^ / \Vu\P <£ 

rn-l+pS I I 

for all 0 < r < R{e). By (15.151) and (15.171) . for all 0 < p < r we have 

. , 2±1 1 P 


'Bo 


|Vtt|^ dx < Cn,p 


c + 


ir 


p'^n/p 

r 


iVttl^dx + c{n,p, L,£, p,)R' 


Inserting (16.11) in previous inequality, we get 


\Vu\P dx < c £^ 


'Bo 


1 + (7 


g\^/p 


-1+pS 


J' 2 


* Br 


|Vn|^ dx + cr” , 


where c = c(n, p, p, a, j5, f, L). By Young’s inequality, we deduce that 

p 


iVril^dx < ce2 


'Bo 


< C £2 


1 + ( - 

r 


g\n/p 


1 + ( - 

r 


g\^/p 


\Vu\Pdx + r^-^+P^]+cR 

Br } 

) 

[ \Vu\P dx + cr^-^+P^ . 

J Br 


(6.1) 


( 6 . 2 ) 


for every 0 < p < r < i?(e), since we may suppose, without loss of generality, that r < 1. Therefore, in 
particular, writing (16.21) for p = §, we get 



|Vtt|^ dx < c e 


1 

2 


1 + 





P dx + cr 


n—l-\-p5 


Choosing £ in (16.31) such that 


£2 < 


21 -P 


n\p 5 

C 1 +2p 


(6.3) 
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we obtain 


|Vn|^dx < 


2 I-P 


IB, 


n\P 

1 + 2p 




\Vu\P dx + cr'^-^+P^ 


' Br 


2I—p ( 1 + 2 p 


1 + 2p 


' Br 


\Vu\P dx + cr^-^+P^ 


n—l+p 


/ |Vt 

J Br 


7u\P dx + cr^-^+P^ . (6.4) 

From (16.41) . thanks to Lemma [Z4l applied with (f(r) := | Vrt|^ dx and we obtain that 

[ \Vu\P dx < cp^-^+P^ (6.5) 


I Bo 


for all 0 < ^ < r < vq and some c = c{n,p, a, /3, £, L). Hence, by virtue of Theorem 12.21 and Holder 
inequality, we deduce that u G C'*^’p'^‘^(12o), for every 0 < <5 < ^. 

Let us denote by A any set of finite perimeter such that EAA CC Bp{x). From Theorem 1 1 .41 we have 
that 

T\q{u,E) < Txo{u,A ), 

therefore, by assumption (Gl) and the decay estimate (16.51) . we deduce that 

P{E,Bp{x)) - P{A,Bp{x)) < [ {xa{x) - XE{x))G{\/u)dx + \o\\A\ - \E\\ 

J Bp 

< PL [ \Vu\Pdx + Aoll^l -\E\\< cp^-^+P^ + cAop” 

JBo 


and the conclusion follows again by Theorem 12. 3 1 applied to fig in place of 12. 
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